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Introduction and simulation details
In all extensions of the Standard Model the transitions between pseudoscalar (PS) mesons can be parametrized in terms of three form factors, namely f + , f 0 and f T . Recently, using the gauge configurations generated by the European Twisted Mass Collaboration (ETMC) with N f = 2+1+1 dynamical quarks [1, 2] , we have computed the three form factors relevant for the D → π(K) ν transitions, namely the vector and scalar form factors f D→π(K) + (q 2 ) and f D→π(K) 0 (q 2 ) in Ref. [3] , and the tensor form factor f D→π(K) T (q 2 ) in Ref. [4] with q 2 = (p D − p π(K) ) 2 . The form factors have been evaluated in the whole range of values of q 2 accessible by the experiments, i.e. from q 2 = 0 up to q 2 max = (M D − M π(K) ) 2 . In this contribution we present the results of an exploratory study toward a lattice determination of the vector and scalar form factors for the B → π ν decays.
The analysis of Refs. [3, 4] has highlighted an important issue, which warrants further investigations. We found evidence of a remarkable breaking of Lorentz symmetry due to hypercubic effects for all the form factors and we presented a method to subtract the hypercubic artefacts and to recover the Lorentz-invariant form factors in the continuum limit. These effects appear to be dependent on the difference between the parent and the child meson masses. We thus expect that they will play an even more important role in the determination of the form factors governing semileptonic B-meson decays into lighter mesons. It is therefore crucial to have them under control. For this reason we have started an investigation of the semileptonic transition D → π ν, where D is an unphysical heavy-light meson, built with a heavier-than-charm quark.
In our calculations quark momenta are injected on the lattice using non-periodic (twisted) boundary conditions and the matrix elements of the vector current and the scalar density are determined for many kinematical conditions, in which parent and child mesons are moving or at rest.
The gauge ensembles and the QCD simulations used in this work are the same adopted in Refs. [3, 4] , where the reader is referred to for details. The simulations have been carried out at three different values of the inverse bare lattice coupling β , at different lattice volumes (with spacial sizes varying between 2 and 3 fm) and for pion masses ranging from 210 to 450 MeV [5] .
Form factors and hypercubic effects
Let us introduce the local bare vector and scalar operators, V µ =c γ µ d and S =c d, where c is a heavy quark with mass up to twice the physical charm quark mass determined in Ref. [5] . Since in our lattice setup we employ maximally twisted fermions, the vector and scalar operators renormalize multiplicatively [6] , i.e. V µ = Z V ·V µ and S = Z P · S, where V µ and S are the renormalized operators with Z V and Z P being the corresponding renormalization constants.
The matrix elements
≡ S can be decomposed into the Lorentz-invariant vector and scalar form factors f + (q 2 ) and f 0 (q 2 ) as
where µ h (µ ud ) is the heavy(light) quark bare mass, V 0 is the temporal component of the vector current, while V sp is the average of the three spacial components of V µ (we inject democratically distributed 3-momenta). The vector and scalar matrix elements can be extracted from the large time distance behavior of three ratios, R µ (µ = 0, sp) and R S , which are given by
and C M 2 are respectively the 3-point correlation function between the D and the π mesons and the 2-point correlation function for the meson M in which the backward signal has been cancelled (see Ref. [3] ). At large time distances they are defined as
where E D and E π are the energies of the D and π mesons, while Z D and Z π are the matrix ele-
, which depend on the meson momenta p D and p π because of the use of smeared interpolating fields. From the 2-and 3-point correlators we are able to extract the matrix elements V µ and S , which allow us to determine f + (q 2 ) and f 0 (q 2 ) as the best-fit values of Eqs. (2.1)-(2.3).
The momentum dependencies of the vector and scalar form factors are illustrated in Fig. 1 , where different markers and colors correspond to different values of the child meson momentum for two different ensembles. The unphysical D -meson has a mass of 2.7 GeV corresponding to a heavy-quark mass m h 2.13 GeV. If the Lorentz-covariant decomposition (2.1)-(2.3) were adequate to describe the lattice data, the extracted form factors would depend only on the squared 4-momentum transfer q 2 (and on meson masses). This is not the case and an extra dependence on the value of the meson 3-momenta is clearly visible in Fig. 1 . The origin of this effect is that the lattice breaks Lorentz symmetry and it is invariant only under discrete hypercubic rotations. Therefore, the form factors determined form Eqs. (2.1)-(2.3) depend also on hypercubic invariants.
The upper panels of Fig. 2 shows how the hypercubic effects on the vector and scalar form factors change with the mass difference (M D − M π ). In the lower panels the case of the transition between two nearly degenerate PS mesons close to the physical D-meson is shown. Within the statistical uncertainties the corresponding form factors exhibit no evidence of hypercubic effects.
Global fit
A possible way to describe hypercubic artifacts affecting the form factors f + and f 0 is to address them directly on the vector and scalar matrix elements (2.1)-(2.3). The analysis closely follows the strategy presented in Ref. [3] for the vector and scalar D → π(K) form factors. We refer the interested reader to the more detailed discussion presented in Refs. [3, 4] . To illustrate the of the hypercubic e↵ects us Section the form factors f + and f 0 for both the D ! ⇡ and D ! K le Lorentz-symmetry breaking due to hypercubic e↵ects generated at Let's start by introducing Euclidean 4-momenta defined, in the case of fer q µ = (q 0 ,q), as
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Elastic Form Factor
Hypercubic effects seem to disappear in the M1=M
factors analyzed in Ref. [19] , where the same gauge configurations and the s momenta were adopted 4 . This suggests that the hypercubic artifacts may di↵erence between the parent and the child meson masses. Such an indicatio results given in Fig. 4 , where the transition between two charmed PS meso to the D-meson one has been considered. The momentum dependencies form factors show no evidence of hypercubic e↵ects within the statistica dependence of hypercubic artifacts upon the mass di↵erence between the mesons is clearly a very important issue, which warrants further investigatio an important warning in the case of the determination of the form factors go B-meson decays into lighter mesons.
Subtraction of the hypercubic e↵ects
As shown in the previous Section the form factors f + and f 0 for both the decays exhibit a sizeable Lorentz-symmetry breaking due to hypercubic finite lattice spacing. Let's start by introducing Euclidean 4-momenta de the 4-momentum transfer q µ = (q 0 ,q), as dependence of hypercubic artifacts upon the mass di↵erence between th mesons is clearly a very important issue, which warrants further investiga an important warning in the case of the determination of the form factors B-meson decays into lighter mesons.
As shown in the previous Section the form factors f + and f 0 for both t decays exhibit a sizeable Lorentz-symmetry breaking due to hypercub finite lattice spacing. Let's start by introducing Euclidean 4-momenta the 4-momentum transfer q µ = (q 0 ,q), as
[19] the vector and scalar form factors for the K`3 decays have been cons procedure we consider the following decomposition of the vector matrix elements
where V E µ Lor is the Lorentz-covariant term
2)
The suffix E emphasizes that all the relations are written in the Euclidean space, e.g. q E µ = ( q, q 4 ) = ( q, iq 0 ) so that ∑ µ q E µ q E µ = −q 2 . The new structures, allowed by the lattice hypercubic symmetry, introduce the new form factors H i (i = 1, ..., 4) . For them we have adopted a polynomial expansion
given in terms of the z variable [7] . The coefficients d i 0,1,2 , which depend on the light-quark mass, are free parameters in the fitting procedure.
As for the Lorentz-invariant terms V E µ Lor and S Lor , the form factors f +,0 (q 2 , a 2 ) can be parametrized by the modified z-expansion of Ref. [8] , viz.
where for c +,0 we have adopted a linear dependence in a 2 , M D is the PS mass calculated on the lattice,
taken from experiments and M S is left as a free parameter. For the vector form factor at zero 4-momentum transfer, f D →π (0, a 2 ), we use the following Ansatz 6) where the coefficients F + , b 1 , b 2 and b 3 are treated as free parameters. In Fig. 3 we show the same form factors as in Fig. 1 after the hypercubic contributions determined by the global fit have been subtracted. It can be seen that the vector and scalar form factors depend now only on the 4−momentum transfer q 2 . The impact of the hypercubic effects at fixed lattice spacing is shown in Fig. 4 , where we compare the scalar form factor f 0 (q 2 ) obtained by fitting the data from Eqs. (2.1)-(2.3) corresponding only to the heavy meson at rest with the one obtained using all the available data after subtracting the hypercubic effects determined from the global fit. We have performed the extrapolation to the physical pion point and to the continuum and infinite volume limits using two different fitting procedures: i) including all available data taking into account the hypercubic corrections (see Eq. (3.3)), and ii) considering only the data with the heavy meson at rest neglecting hypercubic effects. In Fig. 5 the (percentage) difference between the corresponding (correlated) results is shown and it indicates that the subtraction of hypercubic effects is required for obtaining properly the continuum limit.
Conclusions
In this contribution we have presented the preliminary results of our study of the form factors describing the semileptonic transition between a heavy-light pseudoscalar meson, with masses above the physical D-meson one, and the pion. Our analysis is based on the gauge configurations produced by ETMC with N f = 2 + 1 + 1 flavors of dynamical quarks at three different values of the lattice spacing and with pion masses as small as 210 MeV. We have simulated a series of heavy-quark masses in the range m phys c < m h < 2m phys c . The Lorentz symmetry breaking due to hypercubic effects is clearly observed in the data as already found in Refs. [3, 4] in the case of the semileptonic form factors of the D → π(K) ν tran- Figure 5 : Percentage difference between the form factors extrapolated to the physical point obtained using either all available data (corrected for hypercubic effects) or using only data with the heavy meson at rest (uncorrected for hypercubic effects). Purple, red, green and grey bands correspond respectively to m h = 1.84, 2.13, 2.47 and 2.87 GeV. The short-dashed lines identify the extrapolation to values of q 2 not covered directly by the lattice data.
sitions. The impact of the hypercubic contributions, included in the decomposition of the current matrix elements in terms of additional form factors, remains significant as the decaying meson mass increases and it should be taken into account for performing properly the continuum limit.
Therefore, we expect that hypercubic effects will play an important role in the lattice determination of the form factors governing the B → π ν semileptonic decays. Further investigations in this direction are in progress.
